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1 Background and introduction

In 1924, Louis de Broglie suggested that a uniformly and rectilinearly moving particle with
mass m and velocity v can be associated with a plane wave
w = exp{i(Et—pr)/h}, (1.1)
where E is the kinetic energy of the particle; p = mv is its momentum; h is Planck's constant.
The length of such a monochromatic wave is determined by the de Broglie formula
Jp = h/mv. 1.2)
This idea served as the basis for the development of wave-particle duality and, in particular,
made it possible to explain a number of experiments on the diffraction of electrons, neutrons, and
atoms by crystals and thin films [1, 2]. Since then, it has been assumed that the diffraction maxima

in the Dewisson and Germer experiment appear in directions that meet the Wolfe - Bragg condi-
tion 2dsin 8, =nA,, or taking into account the refraction of de Broglie's "electronic waves" in a

crystal [1]:
1
2d (nj —cos” 6, )2 =N, , (1.3)
where d is the interplanar distance of the crystal lattice, 6s is the Bragg’s glancing angle (Figure 1),
n=1, 2, 3 ... is the order of interference (or reflection), e is the de Broglie electron wavelength,

ne is the refractive index of the de Broglie electron wave.
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Fig. 1 Wulff - Bragg’s condition for diffraction of microparticles (in particular, electrons or
photons) on the surface of a crystal. — is the direction of motion of the falling microparticles;
—is the direction of movement of the reflected microparticles
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However, over the past 95 years, de Broglie waves have not been detected experimentally.
They remained an auxiliary mental construction, which allows one to describe the phenomenon
mathematically, without revealing the essence of the events occurring in this case.

This article shows that the diffraction of microparticles on a crystal can be described without
involving de Broglie's idea of the wave properties of matter.

Based on the laws of reflection in geometric optics and probability theory, at the end of this
article, the formula (3.9) [or (3.10)] is obtained for calculating the diagram of elastic scattering of
microparticles (DESM) on a multilayer crystal surface. The results of calculations using this for-

mula are consistent with experimentally obtained electron diffraction patterns (EDP) (Figure 1a).

a) b)

Fig. 1a a) The volumetric diagram of elastic scattering of microparticles on a multilayer crystal
surface, obtained as a result of calculations by the formula (3.9); b) Experimentally obtained elec-
tron diffraction pattern (photo from https://www.sciencephoto.com/media/3883/view)

In addition, this article develops a method for calculating volumetric diagrams of elastic
scattering of microparticles (DESM) on uneven surfaces with various statistics of the heights of
the irregularities.

By “microparticles” in this paper we mean any particles (fermions and bosons) whose sizes

(or wavelength) are much smaller than the characteristic sizes of the irregularities of the reflecting
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surface (Kirchhoff approximation), and whose reflection occurs according to the laws of
geometric optics.

For example, an electron can be called a "microparticle™ with an effective size of about 10~
Bem, which is reflected from the surface of a crystal with characteristic sizes of irregularities
greater than 107''cm. Also, a football can be considered a "microparticle” with a diameter of
about 22.3 cm, reflected from an uneven solid surface, the average radius of curvature of which is
more than 20 m. "Microparticles" also include photons and phonons with a wavelength 1 two or-
ders of magnitude smaller than the autocorrelation radius of the heights of the reflecting surface
irregularities (Appendix 1).

Extensive literature is devoted to the scattering of particles and waves on the uneven (rough)
boundary of two media, for example, [3 — 27]. However, the formulas for calculating volumetric
diagrams of scattering of particles or waves on surfaces with different statistics of roughness (ir-
regularities) heights in the case of the Kirchhoff approximation are practically absent in the litera-
ture.

Extensive literature is devoted to the scattering of particles and waves on the uneven (rough)
boundary of two media, for example, [3 — 27]. However, the formulas for calculating volumetric
diagrams of scattering of particles or waves on surfaces with different statistics of roughness (ir-
regularities) -- in the case of the Kirchhoff approximation -- are practically absent in the literature.

This article presents for the first time volumetric diagram of elastic scattering of microparti-
cles on homogeneous and isotropic uneven surfaces with Gaussian, uniform, Laplace, sinusoidal,
and other distributions of height of irregularities. Data from the scattering diagram refer to any of

the above microparticles (fermions and bosons).

2 Method

The purpose of this section of the article is to develop a method for calculating volumetric dia-
grams of elastic scattering of microparticles (DESM) (in particular, electrons, photons or phonons)
on statistically uneven surfaces under the conditions of the Kirchhoff approximation (i.e., when
the averaged radius of curvature or the radius of autocorrelation of irregularities reflecting surface

is much larger than the size or wavelength of the microparticles).
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2.1 Reflection of elastic microparticles from an uneven surface
Consider the incidence of microparticles on the surface of a solid (or liquid) body (Figure 2) at the
angles 9 and y (Figure 3), and their reflection from this surface at the angles v and w.

<

Y

Fig. 2 Scattering of microparticles (in particular, electrons or photons, that is, a ray of light) on a
reflective surface, where: 1 is a microparticle generator; 2 is microparticle detector; 3 is solid or
liquid body (in particular, a metal crystal or a volume of water)

Let's imagine the upper layer of a body as a two-dimensional statistically uneven surface
&(x,y), which repeats the structure of its atomic lattice (Figure 3), or the excitement of a liquid.

It is known that elastic particles (or waves) moving at the speed of v are reflected from the
smooth surface of a solid (or liquid) body according to the laws of geometric optics (specular re-
flection): 1) the incident particle (or light ray), reflected particle (or light ray) and the perpendicu-
lar (normal) to the two media border in the point of particle (or light ray) incidence lie in one
plane; 2) the angle of incidence Q1 is equal to angle of reflection Q2. This phenomenon is called
“specular reflection” or “elastic scattering” of microparticles.

Under the condition of elastic scattering, the fact that the two-dimensional probability densi-

ty function (TPDF) p(v,w) of the microparticle is reflected from the uneven reflecting surface at
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angles v, @ and corresponds to the fact that the TPDF p(y,¢) of the unit vector normal to the sur-
face n, at the point where the microparticle falls, will be directed at angles y, ¢ (Figures 3,4,5).
Therefore, from the TPDF p(y,¢) it is possible to obtain the TPDF p(v,/3,y) using the trans-
formation of variables:
p(e) = plhi(violdyy); o=fa(v.0l3,9)} |Gvo| = p(v.9,7)|Grol, (2.1)
where
x = fi(v,0l3,y) (2.2)

is the functional relationship between the angle y and the angles v, w, for given angles 9, y;
o = f(v,wld,y) (2.3)
is the functional relationship between the angle ¢ and the angles v, w, for given angles 9, y;
p{v,l3,7} G| is the TPDF of the microparticle which is reflected from an uneven surface in the
direction given by the angles v, w, if angles 9, y are known;
|G| is the Jacobian of the transformation of the variables y, ¢ into the variables v, w.

In this case, the probability that a particle whose initial direction of motion is given by the
angles 9 and y will be reflected from the surface in a direction limited by the angular ranges dv and
dw is

P(v,®) = p(v,0/9,y)|Gve|dvdw.

This formula essentially shows what portion of the total number of microparticles (or the to-
tal wave energy) that fall on the reflective surface is scattered in the direction given by the angles
v and w within the element of the solid angle d2=dvdw.

If the generator and the detector of microparticles are located at a large distance from the
considered part of the reflecting surface (Figure 2), then the TPDF p(v,w/$,7)|Gvo| (2.1) determines

the volumetric diagram of elastic scattering of these particles on this surface

D(v,wl9,y) = p(v,w!4,7)|Gre. (2.4)
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The azimuthal cross - section
&(y) of the two-dimensional
uneven surface &(x.)) in di-
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Atoms of a substance from
the surface of which mi-
croparticles are reflected
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dimensional uneven sur-
face &(x.y) in any direc-
tion R

Fig. 3 Area of uneven surface, reflecting microparticles, where:

9, y are the angles defining the direction of microparticle incidence on a reflecting surface;

v, w are the angles defining the direction of reflection of the microparticle from this surface;

af IS a unit vector indicating the direction to the microparticle generator;

n is the unit normal vector to the surface at the point where the microparticle incidence;

ar Is a unit vector indicating the direction of motion of the microparticle after an elastic colli-
sion with a reflective surface

\_/ Y

Fig. 4 Elastic (specular) reflection of a microparticle from a portion of an uneven surface accord-
ing to the laws of geometric optics: 1) elastic reflection of a particle (or light ray) occurs in the
plane of its incidence; 2) the angle of reflection of the particle (or ray of light) Q2 is equal to the
angle of its incidence Qx (i.e., the condition Q2 = Q1 is satisfied)



8 M. S. Batanov-Gaukhman

Fig. 5 lllustration for determining the functional relationship between angles y, ¢ and angles v, o,
if angles 9, y are known: where Q. = Q1 and vectors &;,d,,N lie in the same plane AOB

In the case where the microparticle detector is located at a short distance from the consid-
ered part of the reflecting surface, then in order to find the volumetric DESM D(v,w/$,y), the right
part of Expression (2.4) should be integrated over all angles v and w, along which reflected micro-
particles can enter the detector aperture (or at one point on the plate of the electron diffraction pat-

tern or radiographs).

V@

P(v,a)/&,)/)= j Ip(v,w/g,y)

1@

dvde. (2.5)

GV(A)

This case is not considered in this article. That is, in the future we will assume that the gen-
erator and the detector of microparticle are so far from the reflecting surface area that it is permis-

sible to use the simplified formula (2.4).
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2.2 Functional relationship between the angles y,¢ and v,w/3,y

Let's find the functional relationships (2.2) and (2.3). Figure 5 shows the unit vectors &,,a,,,

whose tails coincides with the origin of the local reference system XYZ (located at the point of
collision of the microparticle with the surface), and their heads are given by the following coordi-
nates:

8, =188y, 8y, )= {COS 9sin , cos $cos y,sin 9} (2.6)

—- a unit vector, indicating the direction on the microparticle generator (Figure 2 and 3);

ér:{a a,,a }:{cosvsinw,cosmosw,sinv} (2.7)

X!y !t Yz
— a unit vector, indicating the direction of movement of a microparticles after an elastic collision
with a reflecting surface.

A =1n,,n,.N,, | = {cos ¥ sin ¢,cos x cos @,sin y}

—a unit normal vector to the surface at the point of incidence of the microparticle;

Figure 5 shows that when the laws of geometric optics are satisfied (i.e., when Q2 = Q1), the
normal vector n determines the direction of the bisector of the isosceles triangle AOB whose sides
are the unit vectors ar and ar,

Obviously by setting the coordinates of the point N that divides the segment AB in half, we
get the coordinates of the head of the vector b, the direction of which coincides with that of the
normal vector n. Using the coordinates of the head of the vector ar (2.6) and the head of the vector

ar (2.7), and based on the methods of analytical geometry [29 - 31], we obtain

b=1,.b,.b

1z

}_{cos‘/sin @+ CO0SJSin ¥y COSV COS@ +C0SJCOSy sinv+sin g
B 2 2 2 '

From the scalar product of the vectors b and k = {0,0,1} (where k indicates the direction of

the OZ axis, see Figure 5) (5~IZ)=‘5‘ ‘IZ‘ cos(z/2- y) =‘5‘~‘E‘sin 7, we define the angle y
7 —arcsin[( : )

which is the desired functional relationships (2.2).

I

x|

, siny +sin §
= arcsin . (28)
J(cosvsin w+cos dsin y ) +(cosv cose -+ cos gcosy f +(sinv +sin 9)

O
1
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Figure 5 shows that ¢ is the angle between vectors j = {0,1,0} and c, where j defines the di-
rection of the axis OY, and vector c is the projection of vector b onto the XOY plane.

C =

~ {CX’Cy,O}:{cos‘/smw;cos&smy COSVCOS&);COSSCOSJ/’O}. (2.9)

From the scalar product of the vectors (¢ - )=|c| :|1| cos ¢, we define the angle ¢

@= arccos((C - )J = arcco{ T COSV COS @ +C0S C0S 7 ] (2.10)

c]-|] cos v sin @+ cos 9sin y)* + (cosv cos w + cos $cos y )’

which is the second desired functional relationship (2.3).

2.3 Jacobian of the transformation of the variables g, ¢ into the variables v, w for given 4, y
Let's introduce the notations

a = CoSv COSw + c0sY cosy; b =cosvsinw + cosdsiny; d=sinv+sing; a,’=-sinv cosw;
by’=—sinvsinw; ¢,”=c0Sv; a,’=-Ccosvsinm; b, = CoSv CosSw. (2.11)

In this case, expressions (2.8) and (2.10), taking into account the polysemy of inverse trigonomet-

ric functions, take the form

x=mz+(-1)" arcsin( (2.12)

d
\/a2+b2+d2}

a
@=2mm= arcco{——az 02 J (2.13)

wherem=0,1,2, 3, ...

From Figures 2, 3, 5 it can be seen that the angles y, ¢ can take the values y<|[0, n/2],
p€|0, nr]. Let's also take into account that the principal branches of inverse trigonometric functions
are enclosed within: arcsin(x) e[- n/2, ©/2], arccos(x) [0, x]. Therefore, in expressions (2.12) and
(2.13) we assume m = 0 and choose (+), and as a result we obtain unambiguous functional rela-

tionships
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. d
= f,(v,@/ 9,y)=arcsin| ————— |, (2.14)
S e
a
p=f,v,ol4 y)=arcco§ ———|. (2.15)
vt =arecod 2|

Let's find the Jacobian of the transformation |G..| variables y, ¢ into variables v, . To do

this, we calculate the determinant of the matrix [32, 33]

of, ofy
ov OJOw
G, | = _of of, of of, (2.16)
% i ov ow Ow OV
ov Ow

Substituting functions (2.14) and (2.15) into the determinant (2.16), and taking into account
the notation (2.11), we obtain the desired Jacobian of the transformation

_|d(ab;, —ayb;)+c;(ba;, —ab;)

Ja? +0? (a% +b? +d?) ‘ (247

This result was obtained by the author together with Dr. S.V. Kostin.

G

vo

2.4 Definition of TPDF p(y,¢)

Let’s obtain the TPDF p(y,¢) (2.1). To do this, represent a homogeneous and isotropic uneven
reflecting surface as a two-dimensional stationary random process &(x,y) of changing the height of
the irregularities (Figure 3). Any azimuthal cross-section (for example, along the Y axis) of the
process &(x,y) is a one-dimensional stationary random process &(y).

Suppose we know the one-dimensional probability density function (OPDF) p[&(y)] of the
heights of irregularities &(y). It will be shown below that on the basis of the OPDF p[&(y)], it is
possible to obtain the OPDF p[£7(y)] of the derivative of this stationary random process &£’(y).

Taking into account that £’ (y) = tgp, where g is the angle between the tangent to the process
& (y) and the Y axis (see Figure 4), we make in p[&” (y)] the change of the variable £’to . As a
result, we obtain the OPDF of angles £ in the azimuthal section & (y) under study
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(2.18)

1

cos’ B

where ‘G is the Jacobian of the transformation.

ﬂ‘:

Figure 4 shows that between the angles g and y there is a unambiguous unique functional
dependence S+ y + n/2 = 7, whence it follows
B=nl2 - y. (2.18)
In view of this expression, we make in OPDF p(/f) (2.18) the change of the variable g to y

p(B) = pltg(n/2 - ;t)]‘

s* (w2~ z)|'

with the Jacobian of the transformation ‘Gz‘ =1.

Take into account that tg(#/2 — y) = ctgy, cos(#2—y) = siny. As a result, we obtain the
OPDF of angles y

pm:p(ctgd (2.19)

sin® ;5|
In the case of statistical independence of the angles y and ¢ (which is typical for many une-

ven surfaces), the joint TPDF p(y,¢) (2.1) can be represented as

pu,qo):p(z)p(q)):p(ctgd |p<(p>. (2.20)

sin’ y
For homogeneous and isotropic statistically uneven surfaces, the angle ¢, which determines
the azimuthal direction of the projection of the normal to the XOY plane (see Figure 5), can be
uniformly distributed in the interval from 0 to 2z, and the OPDF p(¢) can be given by the expres-
sion
plo)=5—. (2.21)
Substituting (2.21) into (2.20), we obtain the TPDF (2.1)

plctgy). (2.22)

1
plr.0)= o

sin? y
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If the reflecting surface is non-isotropic, then the OPDF p(gp) can be specified by another
function, for example,

2sin?
plp)==22, (2.23)
V4
a2 2
or p(¢)=4sm PCos ¢ (2.23a)
VA
In this case, the TPDF (2.1) will have the form
2sin® 1 2(1-cos
plrp)=20 0L L (ergy) =2 ‘)| 1 |p(Ctgz)- (2.24)
z|sin®y 7 |sm |

asin pcos’p| 1 | (etgy)= 24008 p)cos’ ol 1|
i |sin? | 4 jsin’ 7]

Note once again that the TPDF p(y,¢) (2.22), (2.24) and (2.24a) are obtained for the case

where an uneven surface can be represented as a two-dimensional homogeneous random process

o plr.e)= plctgy).  (2.24a)

of changing the heights of the irregularities &(x,y) (see Figure 3). At each point with x,y coordi-

nates, the random variable & has the same averaged characteristics: OPDF, expected value, vari-
ance, and other moments and central moments.

2.5 The overall form of the volumetric diagram of elastic scattering of microparticles
The overall form of volumetric DESM is expressed by (2.4)

D(v,wl3,y) = p(v,@!3,))|Gve| = p{y=f1(v,0/8,y); p=F2(v,00/3,7)}|Gyal. (2.25)
In view of (2.17) and (2.22), expression (2.25) takes the form

1| 1
Dv,w! 9,7y)=—|—
(v.0!8.7) 27z|S|n2{;(= f.(v,0/ 3,y

. 1 [
We take into account that 1+ ctg®y = ——, Whence follows ctgy = |- 12 —1, therefore,
sin” y sin‘ y

this expression can be represented in the form

_ 1 1 | 1 1 Jdab, —air)+ cifoa, )
D(V’wllg’y)_z;zsinz{;(z fl(v,w/Q,y)}p(\/sin {r="10,0/9y) )‘ Ja2 +b2(a +b* +d° ) ‘

|ttt 1 (oot g oA, — )+ (b, —ab )
)}|P[Ctg{l ARz ’7)}1 Ja? + b (a2+b2+d2) ‘

. (2.26)
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Substituting the functional dependence (2.14) , = arcsin( J in (2.26), we obtain

d
va®+b®+d?
a? +b? +d? |p [a® +b? )| d(aby, —alb;)+c (ba!, —ab))

d* | d’ ‘ Ja? +b?(a% +b? + d?) ‘
Simplifying this expression, we find the overall form of volumetric DESM (2.25)

d(aV (2} awb\’/)+ C\'/ (ba;) _ab;)) a2 + b2
D(v,w/8,y)== 27[‘ N |p realll (2.27)

where a, b, d, a,’; by’ ¢/ a0, b’ are given by expressions (2.11).

1
27z

D(v,w/4,y)=

Vw/Sy‘

Note that formally in expression (2.27), the derivative &' was replaced by a quantity
ld(azhy, —a/p;)+c. (bal, —ab’ )|

2
a’+b with the Jacobian of the transformation
V' d? d2/a? +b’

In the case where the TPDF p(y,¢) has the form (2.24) or (2.24a) (i.e., when the reflecting

surface is non-isotopic), then instead of the TPDF (2.27), taking into account (2.15), we obtain

d (aV b(’U

D(v,w/ 8,y)== ( b” j

a’ +b?

a’+b*
dzx/a +b2 |p( d* J (229

a’h? |d(alb, —a/p!)+c.(bal, —ab))
(a +b?)? | d%+/a? +b?

2 2
or  D(v,w/9y)=— p( adtb J (2.282)

Formulas (2.27), (2.28) and (2.28a) can be considered as DESM on a statistically uneven
surface under the following conditions (see §2.1):

- the uneven surface is statistically homogeneous;

- the irregularities of this surface are quite smooth and large-scale in comparison with the
size of the microparticles; the reflection of microparticles from all local sections of the uneven

surface occurs according to the laws of geometric optics (see Figures 4 and 5);
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- the portion of the uneven surface involved in the reflection of microparticles is located at a

large distance from the generator and detector of microparticles (Figurey 2).

2.6 OPDF p[&7(r)] derivative of the stationary random process &(r)

In § 2.4 it was shown that in order to determine the DESM on a statistically uneven reflecting sur-
face &(x,y), any cross-section of which is described by a stationary random process &(r) (Figure 3),
it is necessary to find the OPDF p[£”(r)] derivative of this process.

To search for p[£7(r)], let's use the method proposed in [34, 35]. If the OPDF p(&) of the
one-dimensional stationary random process (SRP) &(r) = £ is known, then the OPDF p(&”) of the
derivative of this process can be obtained on the basis of the following formal procedure [34, 35]:

a) The given OPDF p(&) is represented as the product of two probability amplitudes y (&):

p(&) =y (&)w(&). (2.29)

b) Two Fourier transforms are performed [34, 35]

r 1 T 1
VE) == j w(E)exp{ige I n}dé, (2.30)
! 1 ° H 1
w*(é):Efw!//(f)exp{—lff/n}dé- (2.31)
2c°?
where 7= <, (2.32)

o: is the standard deviation of the stationary random process &(r) = &;
r'eor 1S the radius of autocorrelation of this process.
c) The desired OPDF of the derivative of the SRP &(r) = & is [34, 35]:

p(E)=p(&)p (&)=|p(& ). (2.33)

Let’s apply the procedure (2.29) through (2.33) to find the OPDF p[&” (r)] of the derivative

of stationary random process with different statistics of heights of irregularities.
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1] OPDF of the derivative of a Gaussian stationary random process
Suppose that at each point r of the SRP ¢&(r), the random variable ¢& (in particular, the height
of irregularities) is distributed according to the Gaussian law

1 2 2
p(&) = \/Rexp{_ (E-ay)? 1204}, (2.34)

where ox1% and a are the variance and expected value of the given process &(r).

According to (2.29), we represent the OPDF (2.34) as the product of two probability ampli-
tudes

p&) =y (&)yw(S),
1
where w(&) = exp{— (E-ay)?/ 4a§1}. (2.35)
4,/27:0'§1

Let's insert (2.35) into (2.30) and (2.31)

' 1 T 1 2 2 s
=—— | ———exp-(£-a,,)’ /4o exp{iE'EIn}dé&, 2.36
w(£) ﬂj% pl(6-a.)? 1407, Joxpfic ¢ In}ds (2.36)
~ 1 % .
y*(&) = Ton fﬁexp{— (¢-a,)’ /40521}exp{—|§§/77}d§. (2.37)
e 7
Let's perform the integration
! 1 4 !
W (&) =—————expl- &7 127120, Jexplia& I 7}, (2.38)
A[27n° (20 ,,)
y*(&) = expi-&"* [[2n120,)I* jexp{-ia, &' I 77}. (2.39)
{27 1(20.,)? { 2 i
In accordance with (2.33), we multiply (2.38) and (2.39), as a result, we obtain
’ 1 12 2
(&)= expl-£/20% |, (2.40)
270" :
=
where according to (2.32) 0= oe1reon (2.41)

is the standard deviation of the differentiated stationary random process &’ (r) = &/;
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reort 1S the autocorrelation radius of the initial SRP &(r) = & with the Gaussian distribution of the
height of the irregularities.
2] OPDF derivative of the SRP with a uniform distribution of the heights of the irregularities
Suppose that at each point r of the SRP &(r), the random variable & is distributed according to

the uniform law in the interval &<& <&

1
p(&) = : (2.42)
égz _51
According to (2.29), we represent the OPDF (2.42) as the product of two probability ampli-
tudes
p(&) =w(&)w($), (2.43)
1
where w(&)= . (2.44)
fz - §1

Let's insert (2.43) into (2.30) and (2.31)

1 & 1
V=7 |7— ' : 2.45
V&)= 7= j o OPlct I (2.45)
(@)= [ epice s, (2.46)
‘/Egl 52_51

As a result of calculation by the formula (2.45), we obtain

’ 1 1 K < e eXp{ié:’éz /‘7} exp{lég'égl/q}
=~ |e [ n¥dé = . 247
l//(g) /—2 l ,—2 éjl' Xp{|§§ 77} é: i ,\/2 ( ] 1)/ ( )

Take into account that (& — &1)/2 = az is the expected value, & — & = | is the base of the con-

sidered SRP &(r). Now we can write &1= an — /2 and & = as + 112, while the expression (2.47)
takes the form
explic’(a., +1/2) In}—explic’(a, —1/2)/n} _exp{ig/(2n)}—exp{-i&1/(2n)}

vie)= ie' 2717 AT,

exp{i 5'3-52 In}.
(2.48)

ix —ix

: i . e )
Using the expression SIn X = T we represent (2.48) in the form
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n _ 2sin{&1/(2n)} ,
= exp{iéa., /n}. 2.49
w(S) NI plica,, /n} (2.49)
As a result of similar calculations by the formula (2.46), we obtain
n _ 2sin{&1/(2n)} o
* = exp{-iéa.,/n}. 2.50
w* (&) o 2r p{-ida;,/n} (2.50)
Substituting (2.49) and (2.50) in (2.33), we finally find
' Sinz{é’kz}
=——>2 2=, 2.51
P& Pk, (2.51)
where k, S B ey , (2.52)
2n I & =&

Ieor 2 IS the autocorrelation radius of the initial SRP &(r) = ¢ with a uniform distribution of the
height of the irregularities.
It is taken into account that according to (2.32)

20°? 2
p=Pe__ 1 (253)
rcor2 6rcor2
. 17 _(5-4) . o : : U
where o, = o = % is the dispersion of the SRP &(r) = ¢ with a uniform distribution of the

heights of the irregularities (2.42).

Thus, for an SRP &(r) = & with a uniform distribution of the heights of the irregularities,
OPDF p(¢&) its derivative &”is a distribution of the type sin?£7/£72 (2.51) with the scale parameter
k2 (2.52).

3] OPDF derivative of the SRP with the Laplace distribution of the heights of irregularities

Let at each point r of the SRP &(r) = ¢ a random variable & is distributed according to the
Laplace law

P& = exp{fé —afl (2.54)
He

where 1/ y, is the scale parameter of this process &(r) = &;
ags 1s the shift parameter (expected value).
According to (2.29), we represent the OPDF (2.54) as the product of two probability ampli-

tudes
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P& =y (&)w(S), (2.55)
where vO= 5 exp{—lé a.q|/ 2.} (2.56)

Let's insert (2.56) into (2.30) and (2.31)

w(E) = % [ 2; exp{E —a..| /20 YexpEE I} (257)
w (<) =% j /% exp{-|& —ay|/ 24 Jexpf-i&E I n}dé . (2.58)
We rewrite these expressions in the form
w(&) = er_u j exp{—(& —a,)/ 2p —IEEI ML, (2.59)
L a
2 % .
y*(&)= Jam feXp{—(cf —a;)/2p +15E In}dS. (2.60)
L -
Let's perform the integration
N | EXP@s /204 —8s) 261
l//(é)— 77/2_}_'5;11'_ ’ ( )
(&)= |l PR 200+ 3gs) (2.62)
nl2—i&u
Substituting (2.61) and (2.62) in (2.33), we find

;z(n 14+ &E°u?)

The dispersion of the Laplace distribution (2.54) is o7, =24, therefore, according to (2.32),

in this case

2
— (2.64)
rcor3
where reor3 is the autocorrelation radius of the initial SRP &(r) = & with the Laplace distribution of
the height of irregularities.

Substituting (2.64) in (2.63), we obtain



20 M. S. Batanov-Gaukhman

K

—ﬁ(k§ L7’ (2.65)

p(&) =

where k, = 2H4 i the scale parameter.

cor3

Thus, for the Laplace SRP &(r) = & of the OPDF p(&”) its derivative &7 is the Cauchy distri-
bution (2.65) with the expected value (i.e., the shift parameter) equal to zero.

4] OPDF derivative of the SRP with the distribution of the height of the irregularities ac-
cording to the Cauchy law

Let at each point r of the SRP &(r) = ¢ a random variable ¢ be distributed according to the
Cauchy law

— Hx , 2.66
PO = T e a)] (2:60)

where s« is the scale parameter of this process &(r) = ¢&;
ags 1S the shift parameter (expected value).
Performing actions (2.29) through (2.33), the reverse of transformations (2.57) through
(2.63), we obtain

P& =5 el (267)

To find the scale parameter ks, we note that the dispersion (variance) of the Cauchy distribu-
tion is not defined, i.e., tends to infinity, but the heights of the real surface irregularities can be
distributed only by a truncated Cauchy law with effective dispersion oz? ~ 25ux?. Therefore, in
this case, according to (2.32), we can write

1 ~ 20k (2.69)
I’-(:0r4
where reors IS the autocorrelation radius of the initial SRP &(r) = & with the distribution of the
heights of irregularities & according to the Cauchy law (2.66).

In this case, we obtain the following estimate of the scale parameter
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.
k, =2 | ~—Cor4 2.69
s =21 I 250 (2.69)

Thus, for an SRP with a distribution of roughness heights &(r) = £ according to the Cauchy
law (2.66), the OPDF p(&”) of its derivative &7 is the Laplace distribution (2.67) with the scale
parameter (2.69) and the shift parameter (expected value) equal to zero.

5] OPDF derivative of the SRP with the distribution of the heights of the irregularities ac-
cording to the multilayer sinusoidal law

Consider the scattering of microparticles (in particular, electrons or high-frequency photons)
on a single crystal. Falling microparticles can be reflected from different atomic layers of the crys-
tal lattice of a single crystal (Figure 6a). This case is equivalent to the scattering of microparticles
on a multilayer reflecting surface, each layer of which can be defined by a two-dimensional ho-

mogeneous SRP &(x,y), repeating on average the structure of a planar atomic lattice (Figure 6b).

Fig. 6 a) Reflection of falling microparticles from various atomic layers of the crystal lattice of a
single crystal; b) Scattering of microparticles on the multilayer surface of the crystal, with each
layer being considered as a separate uneven surface of the sinusoidal type; ¢) Multi-humped
sinusoidal OPDF of the height of the irregularities of the multilayer surface of the crystal (2.71)

If only the upper layer of the crystal is involved in the scattering of microparticles, then it

can be assumed that in each azimuthal cross-section r of such an SRP &(r) = &, a random value &
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(i.e., the height of the unevenness of the upper layer of the crystal surface) is distributed according
to the sinusoidal law

2sin?(z£/1,) ,
p(&) = f npu & €[0.L] (2.70)

0 npu & & [0,1,],
where 1 is the thickness of one (i.e., the first) reflecting layer of a single crystal (Figure 6c¢).
In the case where several identical crystal layers are effectively involved in the scattering of
microparticles (Figure 6b), then the multi-humped sinusoidal OPDF of the heights of irregularities
(Figure 6c) should be used.

2sin (:mlfllz) npufe[o,lz];
p&) = 2 (2.71)

0 npu & ¢ [O,IZ],
where ni is the number of identical uneven sinusoidal layers lying in the interval [0, I2], here
I2= n1l1 is the depth of the multilayer crystal surface of the effectively scattering microparticles.
According to (2.29), we represent the OPDF (2.71) as the product of two probability ampli-
tudes
p&) =y (&)w (&),

where w(&) = \/75|n(7zn1§/I)

Let's insert (2.72) into (2.30) and (2.31)

v (&)= J— ] f sin(mn /1,)exp{i&'s /¢ (273)

v (&)= J—j( sin(zn,& /1) exp{-ig'E I myde -

Performing integration [see Appendix 2, (A.2.12) and (A.2.13)], we obtain

, 1 ei(ﬂ”1+§1z/77) _1 e—i(ﬂfh—ﬂz/’]) _l
w(&)=- ( T , j (2.74)
Vazl,\n 1, + & 1n) " (1~ & 1)
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1 ei(ﬂnl—§1z/77) -1 e—i(ﬂ”1+§1z/77) -1
(&) =—1/ ( —— + , j (2.75)
Arl,\ (e /1, =& 1) (an /1, + & 1)

Substituting (2.74) and (2.75) into (2.33) [see Appendix 3, (A.3.12)], we find

cos® (an,) — cos(zm,) cos(&1, /77) _cos(an, +&1,/77) -1
2 (ﬂn%jz_(%)z (ﬂn1/|2+§'/77)2

The dispersion (variance) of the multi-humped sinusoidal distribution (2.71) is equal to

. (=’ —6) _Iin/(z'ny —6) _'(z°n/ —6)

D(E) =y (&) * (&) = ﬁll (2.76)

= 2.77
0 122%n? 127%n} 127 @17)

Therefore, in this case, according to (2.32), we have the scale parameter
_ 20 _ (' -6) (2.78)

I"COI’S 67[2rcor5 ,
where reors IS the autocorrelation radius of one uneven layer of a sinusoidal crystal.
OPDF (2.76) can be represented in the form
o(E") = 1I cos(zn,) [cos(zan,) —cos(&1, /;)]  cos(an, + &1, /) —1 | (2.79)
T

O ECA R

Taking into account the trigonometric formula cosx—cosy:ZSin[yZstin(yngfrom

expression (2.79), we obtain another form of the desired OPDF

(EGIn+m . (&, /-,
2 cos(zm,) S'n[ 5 jsm( 2 j _cos(am, + &N, /) -1 (2.80)
L Y (&) (I, + &Iy |
(™) -(57)

Thus, for an SRP with a multi-humped sinusoidal OPDF of the heights of irregularities
(2.71) of the OPDF p(&”) its derivative &”is distribution (2.76) [or in another form (2.80)] with

scale parameter (2.78).

p(&) =
T
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Using the formal procedure (2.29) through (2.33), we can obtain the OPDF p(&”) of the de-
rivative £’ for many other stationary random processes with different statistics of the height of
irregularities &

OPDF p(&7) (2.40), (2.51), (2.65), (2.67), (2 of irregularities.76) and others can be used in

many problems of static physics.

3 Results
Based on the method proposed in Section 2, in this part of the paper we obtain formulas for calcu-
lating volumetric diagrams of elastic scattering of microparticles (DESM) on statistically uneven

surfaces when the conditions of the Kirchhoff approximation are met.

3.1 Volumetric diagrams of elastic scattering of microparticles
on statistically uneven surfaces

1] Volumetric diagram of elastic scattering of microparticles on a reflecting surface with a Gauss-
ian distribution of the heights of irregularities
As an example, we consider the procedure for obtaining a volumetric DESM D(v,w/9,y) (2.27) for
the case where the homogeneous and isotropic irregularities &(x,y) of the reflecting surface (see
Figure 3) at each point with coordinates x,y are distributed according to the law of Gauss (2.34).

In this case, the OPDF p(&”) of the derivative of this stationary random process is also
Gaussian (2.40)
! _expl-&/20%), (3.1)

27zc7§,

p(&) =

where Oy = 0 IFcort.

In accordance with the algorithm described at the end of § 2.5, instead of £’ in (3.1), we

2
substitute ‘/adi as a result, we obtain
2 2 2
P / a + b exp| — a -2|- b2 . (32)
\/2710' 2d°o
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Substituting (3.2) into (2.27), we obtain the explicit form of the desired DESM in the case of

a Gaussian distribution of the heights of the irregularities of the reflecting surface
d(ajb, —a b)) +c/(ba; —aby)l (33

1 expl| — a’+b?
87[30‘:3, 2d 20'.; d?va?+b?

where o = oz /reon; the values of a, b, d, av; by’ ¢/ @ bo” are given by expressions (2.11).

D(v,w!8,y)=

Under the conditions specified at the end of §2.5, the expression (3.3) is a formula for calcu-
lating volumetric DESM on a large-scale (as compared to the size of microparticles) uneven re-
flecting surface with a Gaussian distribution of the heights of the irregularities &(x,y).

The scattering diagrams calculated by formula (3.3) for various values of 3, y, oz and reor1

are shown in Figure 7 (see Appendix 4).

\ \ \
0 0s 1 l\'

a) 9= 650, Yy = 00, ol = 3, reort=5 b) 9= 430, Y= 00, O = 3, leori=5

4
T T T T v
h

C) 9 = 600, y = 00, oa = 5, reon=5 d) 9= 230, y= 00, oz = 17, reon=5

Fig. 7 Volumetric DESM on a homogeneous and isotropic uneven surface with a Gaussian distri-
bution of the heights of irregularities. The calculations were performed according to the formula
(3.3) for various values of the parameters 3, y, oz and reor1. Here and further, DESM are calculated
using MathCad software
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2] Volumetric DESM on a reflecting surface with a uniform distribution of the heights of irregu-
larities

Let the homogeneous and isotropic irregularities &(x,y) of the reflecting surface, at each point with
coordinates x,y be distributed according to the uniform law (2.42). In this case, we use the OPDF
p(&E7) (2.51). Performing actions similar to (3.1) through (3.3), we obtain a formula for calculating

volumetric DESM on a given surface

1 . [a® +b?
D(v,w/9,7)= sin?| k
(V @ 7/) 27z2k2 ( 2 d? J

3r,
where k, = C|°f2 =

d(ab;, —a,b!)+c;(ba;, —ab;)

NS

(3.4)

3r, .
cor2_ s the scale parameter.

2 1

The results of calculations using the formula (3.4) for different values of the parameters 9, y,

| and reor2 are shown in Fig. 8 (see Appendix 5).

C) 19:600, y:00, |:5, rcor2:5 d) 19:230, yZOO, |:17, rcor2:5

Fig. 8 Volumetric DESM on a homogeneous and isotropic uneven reflecting surface with a
uniform distribution of the heights of irregularities. The calculations are performed according to
the formula (3.4)



Diffraction of microparticles on uneven surfaces 27

2] Volumetric DESM on a reflecting surface with a Laplace distribution of the heights of irregu-
larities

Let the homogeneous and isotropic irregularities &(x,y) of the reflecting surface, at each point with
coordinates x,y be distributed according to the Laplace law (2.54). In this case, we use the OPDF
p(&E7) (2.65). Performing actions similar to (3.1) through (3.3), we obtain a formula for calculating

volumetric DESM on a given surface

K, d(ab;, —a.b.)+c.(bal, —ab’)

| 4

27%(k2d? +a? +b?)| Ja? 1 b2

D(v,w! 4,y)= (3.5

where k, = 2HL s the scale parameter.

cor3

The results of calculations using the formula (3.5) for different values of the parameters 4, v,
4 and reor3 are shown in Figure 9 (see Appendix 6).

/ /

a)19=650, y:OO, ,LIL=3, lcor3=5 b)19:430, y:00, ,UL=3a lcor3=5
d /

i

c) $=60°% y=0°% =5, reos=5 d) $=23° y=0% =17, res=5

Fig. 9 Volumetric DESM on a homogeneous and isotropic uneven surface with a Laplace distribu-
tion of the heights of irregularities. The calculations are performed according to the formula (3.5)
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4] Volumetric DESM on a reflecting surface with a distribution of the heights of irregularities
according to the Cauchy law

Let the homogeneous and isotropic irregularities &(x,y) of the reflecting surface, at each point with
coordinates x,y be distributed according to the Cauchy law (2.66). In this case, we use the OPDF
p(&E7) (2.67). Performing actions similar to (3.1) through (3.3), we obtain a formula for calculating

volumetric DESM on a given surface

D(V,a)/19,;/)= (3.6)

1 exp[_ a’ +b? |d(alb), —a/p.)+c,(bal, —ab))

2% k) dtNareb? i

where k, ~ teora_ s the scale parameter.
254
The results of calculations using the formula (3.6) for different values of the parameters 9, y,

Lk and reors are shown in Figure 9 (see Appendix 7).

b) 19:380, y:OO, IIJK:9, rcor4:8

C) 9= 160, Y= 00, UK =12, lcora = 8 d) 9= 870, Y= Oo, HK = 5, Fcora = 6

Fig. 10 Volumetric DESM on a homogeneous and isotropic uneven surface with distribution of
the heights of irregularities according to the truncated Cauchy law. The calculations are performed
according to the formula (3.6)
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Analysis of the scattering diagrams shown in Figures 7 through 10, as well as of other
DESMs calculated by the formulas (3.3) through (3.6), shows that the elastic scattering of micro-
particles on one upper layer of a statistically uneven reflecting surface weakly depends on the sta-
tistics of the heights of its irregularities.

Single-layer surfaces with a distribution of the heights of irregularities according to the
Gauss law, the uniform law, the Laplace law, and the Cauchy law scatter microparticles almost
equally. Some differences between DESMs shown in Figures 7 through 10 are observed at small

slip angles of incident microparticles 4 and large values of the ratio ozm/ reor.

3.2 Volumetric diagram of elastic scattering of microparticles on a multilayer surface of a
crystal with a multi-humped sinusoidal distribution of heights of irregularities

Let’s consider the scattering of microparticles on an ni-layer surface of a crystal, each layer of
which is a homogeneous and isotropic two-dimensional uneven surface &(x,y) with sinusoidal ir-
regularities (Figure 6b). In this case, we use the multi-humped sinusoidal distribution of the height
of the irregularities & (2.71), while the OPDF of p(&”) its derivative is expression (2.76) with the

scale parameter  (2.78)

cos’ (7n,) — cos(zn,) cos(&EN, 1 17) _cos(mn, +&1, /) -1
N CHRCA

or the same function in the form (2.80)

2cos(7zn1)sin(§12+ ”nl)sin(ﬂz_””l)
2n 2 2n 2 ) cos(zn, +¢&1, /7)1 | (3.8)

CHRCA L

To obtain a volumetric DESM on a multilayer crystal surface, we use the method described
in § 2.5 [similar to (3.1) through (3.3)]. Replace the derivative &' in (3.7) [or in (3.8)] by the value

p(&) = L : (3.7)
7l

p(&) =1
7l
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2
,/adi and substitute the resulting expression in (2.27). As a result, we obtain the formula for

calculating the DESM on a multilayer crystal surface

2 2 2
. COSz(ﬂﬂl)—COS(ﬂnl)COS[w/a d+2b IZ/UJ cos(;zn +,/a +’ 1,/ j
27°1, a +b2I / i n, a +b2 (3.9)
az 2" / i

|d(aib, —agby)+c; (bay, —aby)
2\/a +b2 B

or the same formula in another form
2 2 2 2 2 2
2cos(zm, ) sin a +2b I—2+@ sin| |2 +2b L cos 7zﬂﬁ,/$l2/n -1
1 da° 2n 2 d° 2y 2 d
2 2| 2 - 2 X
Tl n, a +b2 m a’+b?
/ athy %+ S
2

|d(arb; —apy)+ ) (bay, b))

T K

D(v,@/9,y)=

D(v,w!8,y)=

(3.10)
where according to (2.11)
a = CoSv CoSw + c0sY cosy; b =cosv sinw + cosd siny; d =sinv +sind; a,’=—sinv Cosw;

v/=—sinvsSinw;, C€y,’=C0SV, a,’=-—Co0SvSinw; by’ =CoSvCcosw ;

according to (2.78)

2 2,2
n:M, (3.11)
67°r

cor5

where
I1 is the thickness of one reflecting layer (i.e., the horizontal atomic plane) of the crystal (Fig. 6b);
I2= l1ny is the depth of the multilayer surface of the single crystal, effectively involved in the

elastic scattering of microparticles (s);
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n1 is the number of uneven layers of a single-crystal (sinusoidal type) that fit in the interval [0, I2];

reors 1S the autocorrelation radius of one uneven layer of a sinusoidal type. This autocorrelation
radius is approximately equal to the average radius of curvature of the sinusoidal irregularities
of a single crystal layer;

9, y are the angles that specify the direction of motion of the microparticle beam incident on the
crystal surface (Figures 2, 3, 5);

v, w are the angles that specify the direction of movement of microparticles reflected from the
surface of the crystal toward the detector (Figures 2, 3, 5).

Expressions (3.9) and (3.10) are the same formula for calculating DESM on a multilayer
crystal surface, only written in different trigonometric forms. The formula (3.9) will be called the
cosine-version of the DESM on the multilayer resulting surface, and the formula (3.10) is the si-
nus-version of the same DESM.

The DESM calculated by the formula (3.9) for various values of the five parameters 9, y, Is,

n1 and reors are shown in Figure 11 (see Appendix 8).

a) 9=45°, y=0° n,=64, b) 9=45° y=0° ny=65,
l: =10 em, reors= 6x10-°cm I: =10 em, reos= 6x10-°cm
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c) $=45°% y=0° n;=126, d) 9=45% y=0° n; =127,
Iy =10 cm, reos= 6x10-°cm I: =10 cem, reors= 6x10-°cm

6) 9=45°, y=0° ny=46, f) 9=45° y=0° my=47,
I; =10*em, reors= 1,4x10-°cm I1 =10"*cm, reors= 1,4x10-°cm

g) 9=45° y=0° ny=24, h) 9=45° y=0° ny=23,
Iy =10 cm, reos=4x10"°cm Iy =10 cm, reors=4%10"°cm

Fig. 11 Volumetric diagrams of elastic scattering of microparticles on a multilayer crystal surface,
calculated by the formula (3.9) for various values of the parameters 3, l1, ny and reors
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If each crystal layer has the same anisotropy, for example, of type (2.23), then, taking into
account (2.24) and (2.28), we obtain the following formula for calculating the volumetric DESM

cos? (an,) — cos(nnl)cos[J +2b2| /77] cos[;m1 ,l b 1,/ UJ_l
2 ( b? J d
2|2 a2+b2 2 2
Vs (ﬂf%) _[ /a +b | /UJ [ﬂV /ad+2b J

|d(arb, —agb;)+c; (bay, —aby)

Vo "V

d2va? +b?

for this case

D(v,w/9,7)=

(3.12)
The results of calculations by the formula (3.12) are shown below in Fig. 11a (Appendix 9).

a) b)

Fig. 11a Volumetric DESM on a multilayer non-isotropic crystal surface calculated by the
formula (3.12) at 9 = 45°, y = 0°, 1, =10-tcm, reos= 4x10~°cm, a) n1 = 48 and b) ny =47

If each crystal layer has the same anisotropy, for example, of type (2.23a), then, taking into
account (2.24a) and (2.28a), we obtain the following formula for calculating volumetric DESM for

this case
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2 2 2 2
- cosz(ﬂnl)—cos(ﬂnl)cos[ a +2b IZ/UJ cos(;znﬁ a+2bI2/77J—1

(a2+b2)2J (ﬂn/)_( azdtbzlzln]z _ [ﬂ%“/?/@

|d(azby, —arby)+c)(ba), —aby )|
X
| d2a’ +b2

2 X

4
D(v,w/8,7)= gy (
2

(3.12a)
The results of calculations by the formula (3.12a) are shown in Fig. 11b (see Appendix 10).

a) b)

Fig. 11a Volumetric DESM on a multilayer non-isotropic crystal surface calculated by the
formula (3.12a) at $ = 45°, y = 0°, |1 =10-*cm, reors=4x10%cm, &) n1 = 42 and b) ny = 37
Let’s analyze the volumetric diagrams of elastic scattering of microparticles shown in Fig-
ures 11, 11a and 11b.
1] Agreement with experiment
A separate study should be devoted to comparing the calculations according to the formulas
presented in this article with experimental data. But, already at this stage, it can be noted that vol-
umetric DESMs calculated by the formula (3.9) (Figure 11) correspond to the results of experi-
ments on the diffraction of particles and high-frequency electromagnetic waves on a crystal (see
Figures 12, 12a).



Diffraction of microparticles on uneven surfaces 35

Fig. 12 a) Electron diffraction pattern of the TisoNix»sCuzs alloy (http://dream-journal.
org/issues/2018-6/2018-6 _233.html); b) Electron diffraction on gold. The thickness of the gold
plate was about 250A = 2.5x10%cm. The size of the gold atom is approximately equal to
0,28 nm = 2.8x10~8cm. Thus, in the gold plate there were approximately 100 layers (i.e., atomic
planes); b) Illustration of an X-ray diffraction pattern obtained by diffraction of photons on a crys-
tal. Photos and drawing are taken from the World Wide Web in the public domain

Fig. 12a a) Electron diffraction pattern of the NaCl standard; b) Electron diffraction pattern of a
polycrystal of hexagonal nickel hydride NiH2 (http://ignorik.ru/docs/lekciya-13-eksperimentalenie
-metodi-kristallofiziki.html); c¢) Electron diffraction on aluminum Al. https://www.researchgate.
net/publication/295974108 Electron_Diffraction. Photos are taken from the World Wide Web in
the public domain



http://ignorik.ru/docs/lekciya-13-eksperimentalenie%20-metodi-kristallofiziki.html
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Formula (3.9) has a significant advantage in that it allows a more subtle analysis of the pro-
cess of scattering of microparticles on a crystal than methods based on the idea of the existence of
de Broglie waves. A selection of the parameters 3, 11, n1 and reors can lead to similarity with exper-
imentally obtained electron diffraction patterns or X-ray diffraction patterns, and more detailed
information on the structure of the crystal or other multilayer reflecting surface is disclosed.

2] "Adjustment” of the scale parameter 7

To take into account the various features of the crystal lattice, a scale parameter (2.78)

_ |12 (”2"‘12 —6)
67r2rcor5

can be "adjusted” to the results of experiments. For example, can change the values of numeric

constants and / or enter functional dependencies on parameters I, N1 and reors:

_ 1P (#"nf -3) or nzlf(ﬂznf—lﬂ) or n:|12(47r2n12—33)
127°r,, 167°r, 127°r

corb5 corb5

and etc.  (3.13)

7= |2[7% cos® (zn, / N, ) —8] or 1= In(17)[z*tg®(an, /N, ) -13]

2 2
472. rCOr5 77[ rC0r5

and etc.

Perhaps such an "adjustment” » will lead to greater similarity of the results of calculations
by the formula (3.9) with real electron diffraction patterns or radiographs. At the same time, the
"adjustment™ of the scale parameter (2.78) can make it possible to evaluate additional features of
the structure and / or defects of the crystal lattice.

When "adjusting” #, however, it is necessary to consider that equation (3.9) must satisfy the
condition

2z

p(v,018,7)dvde=1, (3.14)

0

Oy N

where the angle v varies from 0 to #/2; the angle w varies from 0 to 2z.
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3] Even and odd number of crystal layers

From the diagrams shown in Figure 11, it can be seen that if the even number of layers n ef-
fectively involved in the reflection of microparticles, then a minimum (dip) is observed in the very
center of the diagram; and if the number of reflecting layers is odd, then a maximum (peak) is ob-
served in the very center of the diagram. The same effect is found in experiments (Figurel3).

It should be noted, however, that for ny = 4 (i.e., for an even number of layers) in the center

of the diagram, there is not a minimum, but a maximum (peak) (Figure 20).

a)

Fig. 13 a) In a number of experiments on the diffraction of microparticles, a dark spot is observed
in the center of the electron diffraction pattern or X-ray diffraction pattern. b) In a number of other
similar experiments, a bright spot is observed in the center of the electron diffraction pattern or
radiograph

4] The falling velocity v of microparticles and the number of reflective layers n;

It should be expected that the number of layers ni, which are penetrated by microparticles
incident to the surface of the crystal, mainly depends on their energy E [i.e. n1 = f (E)]. More pre-
cisely, for incident fermions (in particular, electrons), the immersion depth in the thickness of the
reflecting surface (i.e., the number of layers n1) mainly depends on their speed (the momentum or
kinetic energy), and for incident bosons (in particular, photons) from their frequency. More gener-

ally, it is possible to find the dependence
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ni="f(E, Iy, reors, 4, y). (3.15)
The expression (3.15) can also take into account the effects of shading part of the deep sec-
tions of the reflecting surface at small angles 9, etc.
The determination of the functional dependence (3.15) will make it possible to more accu-
rately match the results of calculations by the formula (3.9) with experimental data on the diffrac-
tion of microparticles on periodic structures such as crystals and to obtain additional information

about the structure of the reflecting surface.
In particular, we consider the DESM (3.9) as a function of the number of layers n; of the re-
flecting surface of the single crystal D(n1) with the six fixed parameters 9, y, v, @, l1, recos. The

results of calculations by the formula (3.9) D(ny) in this case are shown in Fig. 14a (Append

D(n) ‘
|
|
o i:
Er
r4
w
=43
F4
14
. - L . &
o 5 10 15 20 25 vi
V=133 VOLTS INTENSITY OF REFLECTED BEAM
m VS. SQUARE ROOT OF BOMBARDING POTENTIAL
42 43 44 45 46 47 48 49 50 Showing selectivity of electron reflection—angle of incidence to degrees.
a) b)

Fig. 14 a) Dependence of the DESM (3.9) on the number of layers n: of the reflecting surface of
the single crystal, which, in turn, depends on the velocity v (more precisely, energy E) of the mi-
croparticles incident on this surface (3.15). The calculations were performed according to the for-
mula (3.9) D(ny) as a function of the number ny, which varies in the range from 40 to 50 layers,
with the following constant parameters: ¢ = 45° y = 0° v = 45° o = 0° I =10-tcm,
reors= 9x10-°cm; b) The intensity of an electron beam | scattered on a nickel single crystal at a
constant reflection angle, depending on the square root of the voltage U, accelerating particles in
an electron gun (electron generator). This experimental dependence was first obtained in 1927 by
Clinton Davisson and Lester Germer [1]
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Considering that the number of crystal layers penetrated by incident microparticles depends
on their speed ny = f (v), these calculations using the formula (3.9) D(n1) are in good agreement
with the results of K. Davisson and L. Germer's experiment (1927) on electron diffraction on a
nickel crystal [1] (Figurel4b).

Formula (3.9) D(n1) allows one to perform calculations in a much wider range of n; values
(Figure 15). At the same time, Figure 15a shows that the in range n; from 0 to 40 layers D(n1) can
take negative values. Since formula (3.9) D(n1) is an OPDF, then at first glance this looks like an

absurd result.

D(n1) H
M UJ ‘ M \\ rl \M], A f' I\J ‘L
P o enenan el "H”'H] “LH \ H
a)
— 07 0 !40 ® ) 100
Ny
110"
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Pl 4x107° \ f
J f
- \ i
ok J .f |”'¢\‘JI‘ ‘ll "y \qu\ v LI’\;‘\I‘ ! Lu\,‘ J{L_,‘ N L,'A"I "_:fﬁ" ‘LL_‘,N L,‘ ‘mk»-“ “,\"‘“J‘IL.’ L“wlﬂl‘ L»f"‘r'\.’_,f‘ I'\i_..\l‘ul""\_,‘{
b) ’
e 0 % 100
N1

Fig. 15 Results of calculations by the formula (3.9) D(n1) as a function of uic number of layers ny,
varying in the range from a) 0 to 100 layers; b) 40 to 100 layers, with the following constant pa-
rameters 9 = 45°, y =0°% v =45° o =0° Iy =10"cm, reos= 9x10-°cm. Calculations performed
using MathCad software
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Negative values in the calculations by formula (3.9) can be “eliminated” by assuming that in
the case under consideration (that is, with Iy =10"*cm u reos= 9x10-%cm), the depth of the reflect-
ing layer cannot be less than I, = I3 n; = 40x10- = 4x10-%m.

In another case, when |1 =10-*'cm and reors= 2x10-tcm - corresponds to the size of an at-
om that effectively reflects electrons or high-frequency photons, a calculation by the formula (3.9)
D(n1) leads to the result shown in Figure 16. In this case, the prohibition applies only to I, in the 3
through 4 first layers.

- 14

Scattered electrons

D(ny)

Intensity

p(n)

‘k
=

—1=10" ¥ -

It L I 1 I

ng

Fig. 16 The result of the calculation by the formula (3.9) D(n1) for the following unchanged pa-
rameters 9 = 45°%, y=0° v =45° w =0° Iy =107 cm, reors= 2x10-ttem, and the experimental
dependence obtained by K. Davisson and L. Germer in the study of electron diffraction on a nickel
crystal [1]

On the other hand, as will be shown below, the negative results of calculations by the formu-
la (3.9) D(n1) can mean that, when scattering microparticles on the thin films (i.e., for ny <12), part
of the microparticles pass through the atomic lattice.

In this article, the problem D(n1) < 0 has no final solution. A separate theoretical and exper-

imental study should be devoted to this issue.
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5] Scattering of microparticles on a single crystal layer
When scattering microparticles on one layer of the crystal (i.e., for ny = 1), the calculation
by the formula (3.9) leads to the result shown in Figure 17a,b.

ayn=1, 9=45° y=0° b)yni=1, 9=45° y=0°
Iy =10em, reos= 6x10~°cm I1 =108 cm, reos= 6x10~°cm

Fig. 17 Diagrams of elastic scattering of microparticles (DESM) on one layer of the crystal
(n1=1), calculated by the formula (3.9) for various I

If the thickness of the first layer is I, =10-t'cm, then the calculation result by the formula
(3.9) is negative (Figure 17a). This can be explained by the fact that microparticles do not reflect
from this layer, but pass through it. If the first layer is thicker, for example, 11 =108 cm, then the
reflection from such a layer (Figure 17b) is similar to the reflection from the top layer of an une-
ven surface with other statistics of the height of irregularities (Figures 7 through 10).

An interesting calculation results using the formula (3.9) is observed for n; = 1 and
l1=4x10-%m (Figure 18). This case can be interpreted as a prediction that part of the microparti-
cles will reflect from one layer of the crystal, and the other part of the microparticles will pass

through it.
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aym=1, $=45° y=0° b)ni=1, $=45° =105,
It =4x101% cm, reors = 6x10~°cm Iy =3.4x107%m, reors= 6x10-°cm

6] Scattering of microparticles on two, three and four layers of the crystal
Diagrams of elastic scattering of microparticles on two, three and four layers of the crystal,

calculated by the formula (9.3), are shown in Figures 19 and 20.

ayni=2, $=45% y=0°, b) n1=3, $=45° »=0°,
l1 =3x10"%m), reors= 6x10°cm It =1,1x10"%m, reors= 6x10~°cm

Fig. 19 DESM on two (a) and three (b) layers of the crystal, calculated by the formula (3.9)
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Fig. 20 Two angles of the DESM on four layers of the crystal, calculated by the formula (3.9) for
n=4, $=45°% y=0° 11=1,2x10"cm, recors=9%x10"cm

7] The fifth parameter y
As shown above, by selecting four parameters:
H’ A% H |
9, l1, N1, lcors
it is possible to achieve that the calculations by the formula (3.9) correspond to different diffrac-
tion patterns of microparticles on a multilayer statistically uneven surface of the crystal.
The fifth parameter (quintessence from lat. quinta essentia “fifth essence”) is the angle y

(see Figures 3 and 5), in all the previously considered cases it remained equal to zero (y = 0°).

bx G

a)n1 =66, $=45° y= 350, b) n1=66, $=45°, y= 559,
I1 :lo_lch, Icors = 6X 10_9CM 1= 10_110M, lcors = 6X IO_QCM
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) n1=66, 9=45° »=280°
I1 =10 eM, reors= 6x10~%cm

d) n1=66, $=45° y=155°
li = 10 "M, reos= 6x10~%cm

Fig. 21 DESM on a crystal, calculated by the formula (3.9), for the identical 4, n1, |1, reors and

different angles y

When deriving the formula (3.9), it was taken into account that all azimuthal cross-sections

in different directions of a homogeneous and isotropic uneven surface of the crystal are the same.

Therefore, it was expected that when the azimuthal angle y changes, the scattering diagram should

remain unchanged, and only its azimuthal direction should change. From the diagrams shown in

Figure 21a,b, it can be seen that for small angles y equal to 35° and 55°, only the azimuthal direc-

tion of the whole diagram shifts. But with a further increase in the angle y, the scattering diagram

changes significantly with the remaining four parameters 9, l1, n1, reors unchanged (Figure 21 c,d).

At this stage of the study, it is difficult to es-
tablish whether this change is a drawback of the
formula (3.9), or is it a reflection of reality that can
be experimentally confirmed.

It can be assumed that the DESM depends on
the angle o between the projection of the azimuthal
direction of motion of the incident microparticles on
the XOY-plane and the direction of the rows of at-
oms in the crystal lattice (Figure 22).

From Figure 22 can be seen that rotation of the

plane of incidence of the microparticles at the angle

Fig. 22 Angle a between the projection of the
azimuthal direction of motion of incident mi-
croparticles on the XOY-plane and the direction
of the rows of atoms in the crystal lattice
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a 1s accompanied by the effect of increasing the distance between the atoms of the crystal lattice,
which are effectively involved in their scattering. This effect can be taken into account by increas-
ing the correlation radius of the heights of the surface irregularities reors. The scattering diagrams

at y = 75° and enlarged in comparison with the previous case of rcors and l; are shown in Figure 23.

a) ni=66, 9=45°, y=T75°, b) ni=66, 9=45°% y=75",
I; =10 cm, reors= 6x10-8cm It =2,5x10" cm, reors=8%108cm

Fig. 23 DESM calculated by the formula (3.9), at y = 75° and increased reors and Iy

These calculation results by the formula (3.9) are subject to experimental verification. If the
distortions of the DESM due to a change in the angle y are not experimentally confirmed, then this
disadvantage can be compensated for by a change in the orientation of the reference frame. In
many cases, the coordinate axis from which the angle y is measured can be initially combined with
the azimuthal direction of motion of the microparticles incident on the crystal surface. That is, in a
number of experiments, taking advantage of the arbitrariness in choosing a reference frame, it is
possible from the very beginning to achieve that y = 0°.

8] Diffraction of microparticles on thin films

The DESM calculation procedure presented in §2.1 and §2.5 was developed on the basis that
microparticles, after a collision with a solid surface, are reflected from it according to the laws of
geometric optics, and do not pass through this body. But it turned out that the formula (3.9) makes

it possible to calculate the scattering diagram when microparticles pass through thin films.
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Figure 24 shows the scattering diagrams of microparticles on thin films consisting of 14 and 15
layers of the crystal lattice.

Diffraction maxima are obtained when microparticles fall on thin films at angles  from 25°
to 65°. In this case, some of the microparticles are reflected from the uneven layers (i.e., atoms) of

the thin film, and the other part passes through them.

25

a)ni =14, $=45° y=0, b) ni=15, $=45°% »=0,
Iy =10 em, reors= 9%10-°cm Iy =2x10"em, reors= 9%10-°cm

Fig. 24 Diffraction maxima of microparticles passing through thin films calculated by the formula
(3.9)

When microparticles fall vertically on the surface (i.e., at 9 = 90°), calculations using the
formula (3.9) lead to absurd results. In other words, the method of calculating DESM proposed in
this article does not apply to this case. It should be noted that diffraction maxima are obtained
when microparticles fall on thin films at angles 9 from 25° to 65°. In this case, some of the micro-
particles are reflected from the uneven layers (i.e., atoms) of the thin film, and the other part pass-
es through them.

9] Overall remarks

Summarizing this section, we note that the formula (3.9) [or in another form (3.10)] opens
up wide opportunities for studying the properties of solid materials by analyzing the results of

scattering of microparticles on them.
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By selecting five parameters 3, 1, n1, reors and y, which are associated with some properties
of the atomic or molecular structure of a solid, one can achieve a similarity of the scattering dia-
gram calculated by the formula (3.9) with an electron diffraction or X-ray, and thereby obtain in-
formation about the structure of this body.

In general, the formula (9.3) with the five parameters 9, 11, ni, rcors and y generates an infi-
nite set of two-dimensional surfaces in which individual forms can exist that reflect the outlines or
essence of processes in the surrounding reality. However, all these surfaces have the following
common property. Since the formula (3.9) is the one-dimensional probability density function

(OPDF) D(v,w/ 8,7)= p(v,®! 8,7)|G,, |, the total area of all these surfaces is equal to one (3.14).

The formula (3.9) is suitable for describing elastic diffraction not only of elementary parti-
cles, atoms, and photons, but also for scattering macroscopic elastic bodies (such as soccer balls or
tennis balls) on large multi-layer periodic structures. Let, for example, a three-dimensional grid
with the edge length of one cubic cell of 3400 cm = 34 m be assembled from metal pipes with a
diameter of 30 through 50 cm, whereby metal balls with a diameter of 50 to 80 cm are placed in

the nodes of this grid (see Figure 25).
W/\J |/‘ ?J
/ -~ B /\J

Vv A Q/
o /J
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Fig. 25 Cubic lattice consisting of metal pipes and balls of different diameters

If a stream of soccer balls with a diameter of 22.3 cm is directed at an angle 9 = 45%at such a
cubic lattice, then their scattering is also described by the formula (3.9). Indeed, if instead of

I1 = 10 em, reors= 6x10~° cm and n1= 66, substitute 11 = 50 cm, reors = 3400 ¢cm and n1 = 18 in the
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scale parameter # (3.11), then the diagram of elastic scattering of soccer balls on such a cubic lat-
tice, calculated by the formula (3.9), will be approximately the same as shown in Figure 11a.

If the case of diffraction of soccer balls is confirmed experimentally, then we can argue that
the formula (3.9) turned out to be universal with respect to the different scales of the events stud-
ied, and the phenomena of the microworld are indistinguishable from the phenomena of the mac-
rocosm (under similar conditions).

It is possible to pose the inverse problem of simulating processes occurring in the micro-
world using similar processes of the macrocosm. This will allow a more detailed understanding of

the essence of microscopic phenomena.

4 Summary

The following results are obtained in this article.

4.1 Method for calculating elastic scattering diagrams of microparticles

In §§2.1 through 2.5, a method has been developed for calculating volumetric DESM on statisti-
cally uneven surfaces with various statistics of the height of irregularities. This method is applica-
ble for describing the scattering of elastic particles and waves (photons and phonons), under the
conditions of the Kirchhoff approximation:

- irregularities of the reflecting surface are statistically uniform, smooth and large-scale in
comparison with the sizes of microparticles (their radius or wavelength);

- reflection of microparticles from all local sections of an uneven surface occurs according to
the laws of geometric optics. For brevity, such a reflection of microparticles in the article is called
"elastic™;

- the section of the uneven reflecting surface is at a great distance from the generator and de-
tector of the microparticles (see Figure 2).

In this work, attention is focused on the scattering of elementary particles (in particular,
electrons and high-frequency photons). However, the article suggests that the proposed method is
suitable for describing elastic scattering of large-scale bodies as well (for example, soccer or ten-

nis balls), if the above conditions are met. In other words, it is assumed that there are no funda-
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mental differences between the diffraction of particles of the microworld and compact elastic bod-

ies of the macroworld under similar conditions.

4.2 OPDF derivative of a stationary random process
Based on the procedure (2.29) through (2.32) given in [34, 35], in this article, we obtained:

1) an OPDF of the derivative of a Gaussian stationary random process (SRP) (2.40);

2) an OPDF derivative of the SRP with a uniform distribution of the heights of irregularities
(2.51);

3) an OPDF derivative of the SRP with the Laplace distribution of the height of irregularities
(2.65);

4) an OPDF derivative of the SRP with the distribution of the height of irregularities according
to the Cauchy law (2.67);

5) an OPDF derivative of the SRP with the distribution of the heights of the irregularities ac-
cording to the multilayer sinusoidal law (2.76).

The obtained OPDF p[&” (r)] of derivatives of various SRP can be of interest for many
branches of statistical physics. For example, since the momentum of a particle moving in the di-
rection of the x-axis is related to the derivative of its coordinate by the ratio

px = Mvyx = mdx/dt = mx,
the procedure (2.29) through (2.32) essentially means a transition from the coordinate a real repre-
sentation of the statistical system, to its impulsive representation, with all the many consequences

arising from this.

4.3 The diagrams of elastic scattering of microparticles on a single layer uneven surface
Based on the method described in §§ 2.1 through 2.5 and the OPDF of derivatives of stationary
random processes obtained in §2.6, the following formulas are derived for calculating the elastic
scattering diagrams of microparticles on single-layer, large-scale uneven surfaces:

1) a formula for calculating DESM D(v,w/$,y) on a single-layer surface with Gaussian dis-
tribution of the heights of irregularities (3.3);
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2) a formula for calculating DESM D(v,w/3,y) on a single-layer surface with a uniform dis-
tribution of the heights of irregularities (3.4);

3) a formula for calculating DESM D(v,w/9,y) on a single-layer surface with a Laplace dis-
tribution of the heights of irregularities (3.5);

4) a formula for calculating DESM D(v,w/9,y) on a single-layer surface with the distribution
of the heights of irregularities according to Cauchy's law (3.6).

Due to limitations imposed on the length of the paper, there is no detailed comparison of
volumetric DESM calculated by the formulas (3.3) through (3.6) with experimental data. Howev-
er, we note that in some cases the obtained DESMs are in good agreement with experiments (un-
der the conditions of the Kirchhoff approximation) described in the extensive literature on the
scattering of waves and particles on statistically uneven surfaces [17 through 27]. For example,
Figure 26 compares the DESM calculated by formula (3.5) with the experimentally obtained dia-

gram of neutron scattering on a single crystal CsHSeO4 [36].

Fig. 26 a) The diffraction maximum of the neutron intensity reflected from the single crystal
CsHSeO4 [36]; b) Volumetric DESM, calculated by formula (3.5) for the case of the Laplace dis-
tribution of the heights of irregularities of reflecting surface, for $=60° y=0° 14 =7, reo3=5
4.4 The diagrams of elastic scattering of microparticles on a multilayer uneven surface

On the basis of the method described in §§ 2.1 through 2.6, and the OPDF of the derivative of a

multilayer sinusoidal stationary random process (2.76), in this paper we obtained the formula (3.9)
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for calculating the DESM on large-scale (compared to microparticles) irregularities of the multi-
layer surface of crystal.

By selecting the five parameters 9, l1, ni, reors and y included in the equation (3.9), it is pos-
sible to achieve similarity of the scattering diagram of microparticles on the multilayer surface of
the crystal calculated using this formula with experimentally obtained electron diffraction patterns

(Figures 23, 24) or radiographs.

a) b)

Fig. 27 a) The volumetric diagram of the elastic scattering of microparticles on the multilayer
surface of a crystal, calculated by the formula (3.9), for 9 = 45° y = 0° ni= 64, 1;=10"''cm,
reors= 6x10~°cm; b) Experimentally obtained electron diffraction pattern with a dark spot in the
middle. Photo taken from a source that is freely available on the Internet

a) b)
Fig. 28 a) The volumetric diagram of the elastic scattering of microparticles on the multilayer
surface of a crystal, calculated by the formula (3.9), for 3 = 45°% y = 0% ni1=46 11=10"'cm,
reos= 1.4x10-%cm; b) Experimentally obtained electron diffraction pattern with a dark spot in the
middle. Photo taken from a source that is freely available on the Internet.
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Once again, we note that these results were obtained without using the idea of Louis de
Broglie on the wave properties of elementary particles.

5 Conclusions

The article presents formulas for calculating the volumetric diagrams of elastic scattering of mi-
croparticles (DESM) (fermions and bosons) on uneven single-layer and multilayer surfaces with
different statistics of the height of irregularities, when the conditions of the Kirchhoff approxima-
tion are met. At the same time, the one-dimensional probability density functions (OPDF) of the
derivative of various stationary random processes are obtained, which can be used in a number of
other problems of statistical physics.

In addition to solving the above practical problems, this article is aimed at introducing ra-
tional clarity into the conceptual problem associated with discussing the idea of the possible
"existence" of de Broglie waves. The laws of geometric optics and the probabilistic methods of
statistical physics applied here, according to the author, have allowed an explanation of the dif-
fraction of elementary particles and atoms by crystals without using this hypothesis of Louis de
Broglie about matter-waves. Moreover, this paper suggests that the phenomenon of particle dif-
fraction on solid periodic structures can occur not only in the microcosm, but also in the macro-

cosm under similar conditions.
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Appendix 1

The reflection of a plane electromagnetic wave
from a square surface area

Let the length of a plane monochromatic electromagnetic wave A be much less than the
characteristic dimensions of the surface irregularities of a solid or liquid substance conducting
electric current (i.e., A « rcor, Where reor is the autocorrelation radius of the heights of the bumps in
the reflecting surface). In this case, the uneven surface can be divided into many flat square sec-
tions (facets). Consider the reflection of the rays of the electromagnetic wave from each facet sep-
arately (Figure A.1.1 a,b).

f a plane clectromagnetic wave

The front O

Receiver

Fig. A.1.1 Scattering of an electromagnetic wave on a surface approximated by smooth square
sections (facets). a) The maximum of the main lobe of the scattering diagram of each facet is di-
rected according to the laws of geometric optics: lies in the plane of incidence and the angle of
reflection is equal to the angle of incidence; b) Only the main lobes of the scattering diagrams
whose facets are oriented accordingly are directed towards the receiver antenna
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The beam of an electromagnetic wave here refers to a cylinder whose axis connects the
source of the electromagnetic wave to the center of the reflecting facet, and the diameter of the
base of this cylinder approximately coincides with the size of one of the sides of the b, square fac-
et.

We define the scattering diagram of a flat monochromatic electromagnetic wave (EMW) on
a single facet that perfectly conducts an electric current. Let's assume that the radiation point
(emitter, Fig. A.1.1b) and the observation point (receiver) are located at a great distance from the
facet (i.e. bn « r2 and bn « rs), so that the EMW rays incident on the facet and reflected from the
facet can be considered almost parallel. In this case, the signal sent from any point on the square
facet to the receiver antenna has the form

x(cosvsin cos-4sin
E (x,y)= &exp i| ot + 2_7T (cosvsinw + )+ | (AL1)
h A |+ y(cosvcosw +cos9cosy) —r,

where x and y determine the coordinates of each point on the square facet;

Em is the amplitude of the monochromatic electromagnetic field near the emitter;

r1 is the distance from the source of EMW to the center of the facet (Figure A.1.1b);

r2 is the distance from the center of the facet to the antenna of the receiver (Figure A.1.1b);
w1 is the oscillation frequency of a monochromatic electromagnetic wave;

9, y are angles that specify the direction of the EMW ray incident on the facet (Figure A.1.2);
v, w are the angles that specify the direction of the EMW ray reflected from the facet.

Fig. A.1.2 Angles , y determine the direction of the EMW ray incident on the facet;
angles v, @ determine the direction of the EMW ray reflected from the facet
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sin{27an (cosvsin w + cos 9sin 7/)}

A
E; = ﬂ E; (x, y)dxdy = 57 x
b? " (cosvsin w + cosJsin )

(A.12)

.| 27D
sin P " (cosv cosw + COS & Cos y )

x x —™m exp{i(wt 27 r j}
o 1T T 2
2Zb"(cosv COS @ + COS $COS ) i A

The first and second multipliers in the expression (A.1.2), squared, is the desired power scat-

tering diagram of a flat, monochromatic EMW from a perfectly conducting square sections of the

surface (facets)

sin 2{ 7, (cosvsin +cos dsin ;/)} s,inz{27an (cosvcosm + cos&cos;/)}
A
D, (v,a)/,9,7/)=

27 . 1 T2m, ’
/1“ (cosvsin +cosJsin y) . (cosvcosw+cos$cosy)

(A.1.3)
The scattering diagrams calculated using the formula (A.1.3) are shown in Figure A.1.3 (see
Appendix 12)

a) 9=45° y=0° ba/1=3 b) 9=45° y=0°% bn/2=50

Fig. A.1.3. Power scattering diagrams of a flat, monochromatic EMW from a perfectly conducting
square sections of the surface (facets). The calculations are performed according to the formula
(A.1.3) using the MathCad software
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The cross section of the scattering diagram (A.1.3) in the plane of incidence and reflection
of the EMW beam shown in Figure A.1.4.

S 7 —
F be
AR

Fig. A.1.4 Cross section of the scattering diagram of a beam flat electromagnetic wave from a flat
square surface area (facet) conducting an electric current

From the scattering diagrams (DR) shown in Fig. A.1.3, it is seen that with an increase in
the ratio bn / 4, the main lobe of the DR becomes thinner and elongates, and the side lobes disap-
pear. For large bn with respect to A (i.e., when by / 2 — ), the scattering diagram (A.1.3) degener-
ates into a delta function, i.e. the EMW beam reflected by the large facet becomes infinitely thin.
In this case, the laws of reflection of a light ray from a facet (i.e., the laws of geometric optics)
completely coincide with the laws of elastic reflection of particles from a solid surface under simi-
lar conditions (i.e., when the particles are much smaller than the dimensions of a solid surface).

In other words, in this case, the behavior of the light beam completely corresponds to the
behavior of the particle (which can be called a photon). A photon is reflected almost lossless from
a "mirror" surface according to the laws of geometric optics, just as elastic electrons or protons are
reflected from a solid surface. Energy losses due to heating of the reflecting surface during colli-
sions with particles and other secondary effects are not taken into account in the model under con-
sideration.

Therefore, in this article, microparticles are any particles: fermions (e.g., electrons) and bos-
ons (e.g., photons), whose sizes are much smaller than the characteristic irregularities of the re-
flecting surface (Kirchhoff approximation), and reflected from this surface according to the laws

of geometric optics.
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All conclusions made in this article relate to both elastic particles and electromagnetic radia-
tion (light) rays, under the above conditions.
In connection with the foregoing, all conclusions made in this article relate to both elastic

particles and EMW (light) rays, if the above conditions are met.

Appendix 2
The Calculation of Integrals
Calculate the integrals (2. 73)

(&)= J_ | \f sin(zn,&11,)expfid'é 1}de, (A2.1)

w(E) = r | f sin(an,&/1,)exp{-iEE /mydé (A2.2)
We start with the integral (A.2.1), and use the formula gjp x = e” ;_eix and represent (A.2.1)

|
in the form
2 I, el;zn1§/I2 _ |7zn1§/I2 el
w(&) = \/7 e=="d¢ (A.2.3)
Joz 1,

Let's perform the following transformations

2 I, glmie/lgicéln _ oq-ianell, oidsln

W(é)—r L) % dg

1 5 % @imElHEEn _ i el
N—_—_ |= d
l//(f) \/Z \/I:[O o g

2 1y gictmullp+d'ln) _ q=ic(am /=)
v&) = ] . d
2

2%
(&)= 2J_ L)

As a result of these transformations, we obtain

elff(ﬂnl/'ﬁi In) e*iﬁ(ﬂfh“z*é"/'?)dé:
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L (2 b icomeeinyg o Focicomie
N — — e' 7y fa+ d —le i&(any /1, flﬂ)d A2.4
w (&) mﬂw/lzu ¢ j 3 (A2.4)

Let's calculate the first integral in (A.2.4)

Iz

. [ersem g ig(an, /1, + &' 1))
Ieié(m1§/|z+§’/17)d§ _20
i (G, /1, +&"1m)

I

|2
iE(m&ly+&' ) 43 ’
! gletm: die(am, /1, + &' 17) e

i(zn, /1, + &' 1) i(n, /1, + & 1)),
eig(m1/|2+5'/n) I, eilz(;rnlllz+§’/;7) eiO(nn1/I2+§'/77)

i(an 11, + &' 1)), - i(n, /1, +&"17) - i(m, /1, +&"1n)

piclmi /1y 1) | gilz (m /1+£' 1) 1
i(zn, /1, +&" )|, CiGm I, +E ) i, +E )

As a result of these calculations, we obtain

b gihmiegin) _q

erimfl ™ P _ (A.2.5)
i, /1, + &), i 11, + & 1)
Let's calculate the second integral in (A.2.4)
| IJZe“"“”“i”z'f’”’d[—ié(ﬂnl 1,=&'1m)]
e )
I,
! e <IN g (an, 11, — &' [ 1) st |
—i(an, /1, - &' 1) =—i(;ml/|2—§'/n)\o
piEtmi-gim) |2 ity Gy 11,21 ) 1
—i(m, /1, - &' 1), T L, —ETy) (L, —E'T7)
As a result of these calculations, we obtain
prictmi=gin) | elhlmEin g (A.2.6)

—i(n 1, = &'In)|,  —i(an /1, - & 1)

Substituting (A.2.5) and (A.2.6) and (A.2.4), we have
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V/(é’)—2I

o (@iltmll+ein) _q  g-ib(ml-gin) _q
LG, /L, +&1n)  —i(an /1, —E )
Let's do the transformations

w(&)=

Qi (m+&l/n) _ e"‘””l i) _q
2ii \/ [(ﬂn /1 +§/77) (7zn /1 —5/77)}

|(7znl+§1 In) _ e—l(zzn1 &y 1) -1
() == 2J_ (7zn/I +§/n) (1, —&' 1)
Finally we get the result of integration (A.2.1)
, 1 ei(7m1+§12/77) -1 e*i(mh*%g"z/’?) -1
w(&) =—1/ ( — , ] (A.2.7)
Azl \ (11, +&" 1) (an /1,-&'17)

Similarly, we take the integral (A.2.2)

V)= 7= jf sin(ang /1) exp{-i&E 1 }dé

Let's represent (A.2.2) in the form

2 I, |7zn1§/I2 _ |7znl§/I2 el
y*(&)= f\/i e <""dg
2
b Gim&lly n=iEIn _ q=iamé il =iy
*(5) \/_\/E e e ie e df
2
% [lmél1,-i8¢ —im& 1,18 I
*(é:) \/_\/E € Ie déj
z

() = 2 o @iE(mu1=8'1m) _ o=ig(m/ly+&' 1) 0
\/ \f 2% 2i

J‘ gl (m/1=¢'1n) e—lé(ﬂnl/lz+§/'7)d§

*(5)—T

As a result of these transformations, we obtain

1 2% , b ,
* (£ — “ el§(ﬂfh/|z—§/fi)d _ e—lé(ﬂnl/|2+é/f7)d A28
Ve Zi@\hz[{ ] 5) A28
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We calculate the first integral in (A.2.8)

J'e|§(7m1/|z &'ln) dlic(an, /1, =& 1n)]
J‘e.g ;zr11§/|2+§/77)dé-’
] i(n &/, &' )

l2

I,
Ieif(mléllrf/'i)dig(ﬂnl n,-&1n)
0

eif(ﬂnlllz—-f’/rz)
i(n, /1, - &'17) Cim /1, =& )
eif(mlllz &'1n)

i, /L, — &), i /L, —&'Tn) i(an, /1, —&'In)

l2 il (/1€ 117) Qi0(m;/1;=¢' 1)

giétmi /=" 1m)

i, 11, =& I, i(an 11, — &' 1y) i(an, 11, —E'7y)

l2 e”z(””l“z*f'/’i) 1

gistm/ly=¢"1n) G gl (mi/lo=¢"ln) _q

i(n, /1, =& 1)), i(an, /1, —&'n)

We calculate the second integral in (A.2.8)

J‘e_|§(;zn1/|2+§/’7)d[ iE(m, 11, +<&'1n)]

—i(an, /1, +&'m)

J‘e—-g“ & l,+&' 1) dé =

I,

I,
[ersmttsing —ig(an, /1, + &' 1)
0

g ic(mllp+e )

ZiGm, /1, + €1 7n) i /1, +E ),

S HCURSE) 12 ol (mi /i) _q

—i(an, /1, +4"/77)|o B —i(m, /1, +&"1n)

Substituting (A.2.5) and (A.2.6) and (A.2.4), we have

llz(ﬂﬂl/lz*ﬁ/n) -1 efllz(ﬂﬂl/lz%/'z)_l
(é:)_ZI\/ \/7(|(7znlll —&n) =il /1, +E 1)

Let's do the transformations

* l(ml Eyin) _ e—i(ﬂn1+§1 21m) 1
(&)= 2ii \/_\/7[(71] /1 —5/77) (m, /1 +§/n)j

|

(A.2.9)

(A.2.10)
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* |(7zn1 &hin) e—l(7m1+5'| 2ln) 1
(= _2\/_([(ﬂn/| g/n) o, +§/n)j

Finally, we obtain the result of integration (A.2.2)

1 ei(”"‘rﬂz/ﬂ) -1 e*i(ﬂnﬁﬂz/’]) -1
w*(E) =—| ( —+ , j (A2.11)
Azl \ /1, =& ) (/1 + & )
So, the results of taking the integrals (A.2.1) and (A.2.2) are the expressions (A.2.7) and
(A.2.11):
1 ( eitm+shin _ —i(my =g, /m) _
Al \ (a1, + &) (g 11, =& ag)
i(my =&y /) =i(ay+& 1)
()= | (e -1 e | 1] (A.2.13)
arl,\ (a1, =& ) (an /1, + & m)
Appendix 3

The product of factors

Product of expressions (2.74) and (2.75) {or (A.2.12) and (A.2.13)}

, 1 ei(7m1+§12/77) _1 e*i(ﬂn1*§12/77) _1
w(&) = —1/ ( ——+ , J (A.3.1)

Azl \ (I, + & ) (an 11, =& )

, 1 ei(”n1*§12/’7) _1 e*i(”nfrf"z/’]) _1
y* (&)= —1/ ( —— 4 , j (A.3.2)

arl,\ (an /1, =& 1) - (11, + &' )

equally
p(&) =w(& )w*(f)— (

gilm+élaln) _q e—i(zzm £aln) _q j( gilm=etin) _q N g iGmu+e 1) _1J
(my /1 +§/77) (I, =& ) N\ (any 11, =" ) (any 11, + 871 )

(A.3.3)
Opening large brackets, we multiply the terms in pairs
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ilm+élin) _ 1 qiltm-&lin) _q (ei(ﬂn1+§1z/77) _1Xei<m1—§12/n> _1)

(m I, +E' 1) (a1, —E'1n) (m%jz _(7)2
2 "

pilmu+elolm _q gritau+&lolm) _q (ei<ml+g*12 In) _1Xe—i<ml+é1z In) _1)
(m /N, +&n) (/I +&E 1) (7, 11, + &' 17

Qi /n) _q gritmeslein) _q ~ (ei(ﬂﬂﬁﬂz/n) _1xe—i(ml+§12/n) _ 1)
(I, +E ) (11, +E' ) (7zn1/I2+§’/77)2

e_i(ml_ﬂz/ﬂ) 1 e—i(;zn1+§12/77) -1 (e—i(ﬂm_f’lz/ﬂ) _1Xe—i(7m1+§12 ) _1)
(any 11, =& m) (ﬂnl/|2+§,/77)_ (ﬂn/jz_(éyjz
I, n

Add the resulting expressions

(ei(nn1+§12/77)_1Xei(;m1—§’|2/77)_1) z(ei(nn1+§1 L) 1Xe (my+E, 1) 1) (e—i(nnl—ﬂ L) 1Xe—i(;m1+rf1 /n)_l)
A L A CH K ¢
2 n

Rearranging terms and summing up them, we get

(ei<m1+¢1z I _ 1Xei(m1-§1z n) _1) X (e—i(7m1—§12 I _ 1Xe—i<m1+¢1z I _ 1) 2(ei(ml+¢1z n) _1Xe—i(ml+§1z n) _1)

™6 EYRE;

(A.3.4)
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Performing calculations

. (ei(ﬂn1+§1z/77) _lxei(ml—ﬂz/n) —1):e‘2””1 _pitmurlaln) _ gitm=&l0n) | q

(e—i(nnl—az/n) _ 1Xe—i(m1+é12/n) _ 1): pizm _ g-ilm=&loln) _ qitmy+Elyin) 4 q
2.

3. (ei(m1+512/n) _1xe—i(m1+51z/n) _1): a0 _ @ilm+ly/n) _ g-itmy+&lyin) | q _
—1— (ei(ml+§1z/f7) + e—i(ﬂﬂ1+§1z/f7)) +1=— (ei(ﬂnﬁrﬂz/n) + e—i(ﬂn1+§1z/f7)) +2=

— 2[(e'V™ e g7 MMy 12 )= — 2[cos(am, + E1, /7)) —1] (A.3.5)

ix —ix

. e +e™ . ]
where the expression cosx = is taken into account.

Add 1 and 2

ei27zn1 _ ei(;zn1+§12/77) _ ei(;znl—§12/77) n e—i27zn1 _e—i(;ml—ﬂz/;;) _ e—i(;zn1+§12/77) )
Let’s regroup the terms
(ei27zn1 + e—i27zn1) i (ei(zznl+§12/n) + e—i(;zn1+§12/77)) i (ei(;znl—§12/77) + e—i(zznl—§12/77)) + 2
or
("™ 471%™ [ 2 — (e'mret /M)y gilmiste/n)y 1o _ (glUmiehln) g imickn)y 19 4 1] =
= 2[cos 2zmn, —cos(zn, + &N, /1) —cos(zn, — &N, 177) +1] (A.3.6)

Let’s substitute the terms (A.3.5) and (A.3.6) into (A.3.4), we obtain

2[(cos2zn, —cos(zn, + &N, /) —cos(an, — &1, /) +1]  4[cos(an, + &N, [ 77) —1]

(i) -(54) YT

(A.3.7)
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Now insert (A.3.7) into (A.3.3)

1 | 2[(cos2an, —cos(an, + &1, /n) —cos(zan, — &, /) +1]  4[cos(an, + &1, /) 1]

P = 4rl, (;m/)z _(5/)2 (an, 11, + & 1)
1, n
(A.3.8)
We use two trigonometric formulas
cos’ X = % U COSXCOSY = %[cos(x —y)+cos(x+Y)] (A.3.9)
Where should
cos 2zn, +1=2cos” zn, (A.3.10)
cos(zmn, — &1, In)+cos(zn, + &N, /77) = 2cos(an,) cos(&N, /77) (A.3.11)
In view of (A.3.10) and (A.3.11), the expression (A.3.8) takes the form
0(&) = 1 | 2[2cos? an, — 2cos(zmn,) cos(EN, 117)] _ 4cos(an, + &1, /1) —1]
arl, (m/)z B (97)2 (a1, + £ 1)
1, n
Performing simplifications
, 1 | 4[cos® an, — cos(zmn,)cos(EN, /77)]  4[cos(zn, + EN, 1n) —1]
p(§ ) = 2 , 2 - ’ 2
4rl, (ﬂn/) _(5/) (7, /1, + &' 1n7)
l, n
finally get
2
0(&) = 7[1| [cos® an, —cos(zm, ) cos(E, /,)]  [cos(zn, + &1, /77) = 1] (A3.12)

(NI

7 Abbreviations and Definitions
DESM is diagram of elastic scattering of microparticles;
EDP is electron diffraction pattern;

OPDF is one-dimensional probability density function;
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SD is standard deviation;

SRP is stationary random process;

TPDF is two-dimensional (or joint) probability density function.

Microparticle is a solid elastic compact body or a ray of light (i.e., a photon) whose size or wave-
length is much smaller than the characteristic size of the irregularities of the reflecting surface,
upon collision with which they are reflected according to the laws of geometric optics (see §1).
Elastic scattering is the reflection of a particle from a surface according to the laws of geometric
optics (see Figures 3, 4): 1) The reflection of an elastic particle from a solid surface occurs in the

plane of its incidence; 2) The angle of reflection Q2 is equal to the angle of incidence Q1.
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